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Abstract. In this paper, we consider the global wellposedness of 2-D incompressible magneto- 
hydrodynamical system with small and smooth initial data. It is a coupled system between 
the Navier-Stokes equations and a free transport equation with an universal nonlinear cou- 
pling structure. The main difficulty of the proof lies in exploring the dissipative mechanism 
of the system due to the fact that there is a free transport equation in the system. To 
achieve this and to avoid the difficulty of propagating anisotropic regularity for the free 
transport equation, we first reformulate our system (1.1) in the Lagrangian coordinates 
(2.19). Then we employ anisotropic Littlewood-Paley analysis to establish the key a priori 
L^(R^; Lip(R^)) estimate to the Lagrangian velocity field Yt. With this estimate, we prove 
the global wellposedness of (2.19) with smooth and small initial data by using the energy 
method. We emphasize that the algebraic structure of (2.19) is crucial for the proofs to work. 
The global wellposedness of the original system (1.1) then follows by a suitable change of 
variables. 
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1. Introduction 

In this paper, we investigate the global wellposedness of the following 2-D incompressible 
magneto-hydrodynamical system: 

dt(t) + u-\/(j) = 0, [t, x) e M+ X R^, 
dtu + u ■ Vu - Au + Vp = -div [V(p (g) V(/)] , 
divu = 0, 

(p\t=o = 00, u\t=o = Uo, 

with initial data {(f>o,Uo) smooth and close enough to the equilibrium state (a:;2,0). Here (p 
denotes the magnetic potential and u = (n^,n^)^, p the velocity and scalar pressure of the 
fluid respectively. 

Recall that the general MHD system in reads 

dtb + u ■ Vb = b ■ Vu, 

dfU + u ■ Vu — Alt -|- Vp 

div It = divb = 0, 
b\t=Q = bo, u\t=o = Uo, 

where b = (6^, • • • ,6'^)"^ denotes the magnetic field, and u = (u^, ■ ■ ■ ,u'^)'^, p the velocity 
and scalar pressure of the fluid respectively. This MHD system (1.2) with zero diffusivity 
in the equation for the magnetic field can be applied to model plasmas when the plasmas 
are strongly collisional, or the resistivity due to these collisions are extremely small. It often 



(1.1) 



(1.2) 



{t,x) G M+ X W, 
= -^V|&|2 + b- V&, 
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(1.3) 



applies to the case when one is interested in the k-length scales that are much longer than 
the ion skin depth and the Larmor radius perpendicular to the field, long enough along the 
field to ignore the Landau damping, and time scales much longer than the ion gyration time 
[10, 13, 3]. In the particular case when d = 2 in (1.2), div6 = implies the existence of a 
scalar function (f) so that h = {d2(p, —di(f))'^, and the corresponding system becomes (1.1). 

It is a long standing open problem that whether or not classical solutions of (1.2) can 
develop finite time singularities even in the 2-D case. With mixed partial dissipation and 
additional(artificial) magnetic diffusion in the 2-D MHD system, Cao and Wu [4] proved its 
global wellposedness for any data in if^(]R^). We [18] proved the global wellposedness of a 
three dimensional version of (1.1) (not the original MHD system, for technical difficulties) 
with small and smooth initial data. The aim of this paper is to establish the global existence 
and uniqueness of small solutions to the MHD equation (1.1) in the 2-D case. 

We note that the system (1.1) is of interest not only because it models the incompressible 
MHD equations, but also because it arises in many other important applications. Moreover, 
its nonlinear coupling structure is universal, sec the recent survey article [15]. Indeed, the 
system (1.1) resembles the 2-D viscoclastic fluid system: 

Ut + u-VU = VuU, 
ut + u ■ Vu + Vp = Au + V ■ (UU'^), 
div u = 0, 

U\t=0 = Uq, u\t=o = Uq, 

where U denotes the deformation tensor, u is the fluid velocity and p represents the hydro- 
dynamic pressure (we refer to [16] and the references therein for more details). 

In two space dimensions, when V • [/q = 0, it follows from (1.3) that V U = for alH > 0. 
Therefore, one can find a vector = {^i, ^2)^^ such that 

-d24'l -d2(j)2 

di4>i di4>2 
Then (1.3) can be equivalently reformulated as 
0t -t- w • V0 = 0, 

Ut + u-Vu + Vp = Au- J2i=i div [V(pi Vcpi] , 
div u = 0, 

0|t=O = (t>0, u\t=o = Uq. 

The authors ([16]) established the global existence of smooth solutions to the Cauchy problem 
in the entire space or on a periodic domain for (1.4) in general space dimensions provided 
that the initial data is sufficiently close to the equilibrium state. One sees the only difference 
between (1.1) and (1.4) lying in the fact that is a scalar function in (1.1), while (f) = (^1, ^2)"^ 
is a vector- valued function with the unit Jacobian in (1.4). However, it gives rise to an 
essential difficulty in the analysis. In fact, there is a damping mechanism of the system (1.4) 
that can be seen from the linearization of the system dt (1.4): 

r (/>it - A0 - + Vg = /, 
(1.5) <^ utt- Au- Aut + Vp = F, 

[ div = div u = 0. 

Unfortunately, for (1.1), even after some nontrivial change variables, one could at best reach 
(2.19) (or (2.20)) below. 

Nonlinear equations with the coupling structure as (1.1) arise in many other problems 
such as the evolution of nematic liquid crystals, the diffusive free interface motion and the 



U = 



(1.4) 



GLOBAL SMALL SOLUTIONS TO 2-D MHD SYSTEM 



3 



immersed boundaries in flow fields, see [15]. It is, therefore, fundamental to understand 
the dissipative mechanism in such a system and to develop analytical tools to handle these 
difficult nonlinear evolution systems. 

For the incompressible MHD equations (1.2), whether there is a dissipation or not is a 
very important problem also from physics of plasmas. The heating of high temperature 
plasmas by MHD waves is one of the most interesting and challenging problems of plasma 
physics especially when the energy is injected into the system at the length scales much larger 
than the dissipative ones. It has been conjectured that in the 3-D MHD systems, energy is 
dissipated at a rate that is independent of the ohmic resistivity [8]. In other words, the 
viscosity (diffusivity) for the magnetic field equation can be zero yet the whole system may 
still be dissipative. We shall justify this conjecture in the two-dimensional case here. 

Notice that, after substituting cf) = X2 + tp into (1.1), one obtains the following system for 
(V',u) : 

dttp + u-Vip + u'^ = 0, (t, x) G M+ X 

dtu^ + u-Vu^ - Au^ + did2^j = -dip - dW[dixpVi^] =^ f, 

(^•^) i dtu^ + u-Vu'^ - Au^ (A + dl)i) = -d2P - div [d2ipVtp] =^ f, 

div u = 0, 

{ip,u)\t=o = (i'o,wo). 
Starting from (1.6), standard energy estimate gives rise to 

(1-7) + + ll^^Wlli^ = 

for smooth enough solutions u) of (1.6). The main difficulty to prove the global existence 
of small smooth solutions to (1.6) is thus to find a dissipative mechanism for ?/'• Motivated 
by the heuristic analysis in Subsection 2.1, we shall flrst write the system (1.1) in the La- 
grangian formulation (2.19), then we employ anisotropic Littlewood-Paley theory to capture 
the delicate dissipative property of Yf in Section 3. It turns out that dy^Y decays faster than 
dy^Y. This, in some sense, also justifles the necessity of using anisotropic Littlewood-Paley 
theory in Section 3. With the key a priori L^(M+; Lip(]R^)) estimate for 1^, we shall prove 
the global wellposedness of (2.19) in Section 4. 

To describe the spacial decay property of the initial data V'o in (1-6), we need the following 
definition: 

Definition 1.1. Let A; G N, s G M+, we denote Ak,s(R'^) be the completion of 5(M^) by the 

foUowing norm: 

(1.8) ||/|U,/=^'maxsup((a;i)^||5^/(xi,.)||L?) for (xi) = (l + x?)i 

Remark 1.1. It is easy to see from (C.9) in the Appendix C that Ak,sO^'^) is a subspace of 
H''{R^) as long as s > \. 

We now present our main result in this paper: 

Theorem 1.1. Let k > 3 be an integer, s > |, and S2 G (— 1, — |). Given (V'o, Wq) satisfying 
V'o e A+i,.(K^), uo G H''{R'^)r\H'^{R'^), (1.6) has a unique global solution {il;,u,p) (up to 
a constant for p) so that 

eC{[0,T];H''+\R^)), ueC{[0,T];H''{R^)), Vu e L'^i{0,T); H''{R^)) 

Vp G L2((0,r);if'=-\M2)) for any T < oo, 
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provided that 

(1-10) llV'olUfc+i.. + \\uo\\Hk-inH^2 < Co 

for some cq sufEciently small. Furthermore, there holds 

\\'^\\L°°(R+;Hk-l-nH''2) + II^V'llLoo(]R+.£ffc-ln^s2) + ll'"llL2(K+;ii-'=nii"''2+l) 
(1-11) + II^V'llL2(M+;i/fc-lniJ''2 + l) + IIVwIl^l^jK+.^oo) + l|Vp||i2(]R+.^fc-2nif<-2) 

< ^^(llV'olUfc+i,. + ll'"o|li^fc-ini?-2)- 

Remark 1.2. As if) is a scalar function in (1.6), we can not apply the ideas and analy- 
sis developed in [16, 17, 7, 14] for (1.3) to solve (1.6). It is not a technical reason rather 
there is a fundamental difference between (1.3) and (1.6) which one can see from (2.19) or 
(2.20). Furthermore, according to the heuristic analysis in Subsection 3.1, to find the hiding 

dissipation in (1.6) may be more tricky than the case of the classical isentropic compressible 
Navier-Stokes system (CNS) as it was first discussed by Danchin in [9]. 

Remark 1.3. In order to deal with a three-dimensional version of the system (1.1), we 
[18] introduced the functional space B^^'^'^ (see Definition 3.2 below). Due to the funda- 
mental difficulty in propagating anisotropic regularity for the transport equations, we estab- 
lished the a priori L^{W^;B'2~^'^) (for 5 G {\^^)) estimaie of u^, the third component of 
the velocity field, in order to achieve (M.'^ ; Lip{M.^)) estimate of v?. To obtain such an 

estimate, it would be essential that f^ ~ X^f j=i ^3(~^) ""^ + didj{di'>pdjip)\ — 

Y^i=i djid'iipdjilj) belonging to L^(M^, ^Ss"*^'*^). This requirement is basically equivalent to that 

f" G L''{W^;B]^j\wL.u){B^2,i{^h))) for S G (i, 1). In the corresponding 2-D case, this would 
require given by (1.6) belonging to Li(M+; B^^"(M^)(fi^^;^(M/,))) for 5 G (^,1). The latter 
requirement is impossible due to the product laws in Besov spaces for the vertical variable. 
This is the key reason why we will have to use the Lagrangian formulation of (1.1) to prove 
its global wellposedness with small initial data in this paper. 

Let us complete this section by the notations we shall use in this paper. 

Notation. For any s G M, we denote by II^{R'^) the classical based Sobolev spaces 
with the norm \\a\\H= = (/r2(1 + |CP)*|a(OP'^0^' 'while ii"*(R^) the classical homogenous 

ci6f 

Sobolev spaces with the norm ||a||^s = {f^2 |'^|^*|a(?)l^ '^0 ^ '• ^'-^ ^® operators, 
we denote [A; B] = AB — BA, the commutator between A and B. For a < 6, we mean that 
there is a uniform constant C, which may be different on different lines, such that a < Cb, 
and a ^ b means that both a < b and b ^ a. We shall denote by (a | b) the L^(M^) inner 
product of a and b. {dj^k)j^k^x (resp. {cj)j^z) will be a generic element of ^^(Z^) (resp. i'^{Z)) 
so that J2j kezdj,k ~ ^ (resp. Yljez'^j ~ -*-)• Fina^Hy; we denote by L^(L^(L^)) the space 
LP{[0,Ty,L^{R,,;L-{R,,))). 

2. Lagrangain formulation of the system (1.1) 

Motivated by [22], where the authors proved the global wellposedness to a free boundary 
problem of (1.3) with small data through Lagrangian formulation, we shall first solve the 
couple system between (1.1) and the following added transport equation: 



(2.1) 



dt4)-\-u- Vx4> = 0, 4>\t=o = 4>o, 
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where = —xi + tpo, and tpo is determined by 

(2.2) det[/o = l for = ^ 

The existence of ipo will be a consequence of Lemma 6.1. 
Setting ^ = — xi + '0 in (2.1) yields 

(2.3) dt'ip + u ■ Vif - = 0, and if\t=o = ■00- 
The main result can be stated as follows: 

Theorem 2.1. Let si > 1, S2 € (-1,-|). Given (0o, <^o, ^^o) =^ {x2 + ipo,-xi + tijo,Uo) 
satisfying (VV'cWo) G -H""i+^(M^) n ii'^2(K2)^ ^ ij^i+i(M2) n ij^2+i(^2^ ^2.2), the 

coupJed system (1.1) and (2.1) has a unique global solution {<p,(f),u,p) = {x2+''p, —xi+tpjUjp) 
(up to a constant for 'tp,'tp,p) so that 

Vi^ e c([o, oo); ii""i+^(R2) n H'^iR^)) n l2((o, oo); h'^-^\r'^) n h'^+\r'^)), 

(2.4) u G C([0, oo); H'^+^{R^) n ij^2(^2-)) p ^2(-(q^ ^si+2(^2) ^ ^^^2+1(^2)) 

nL^((0,oo);Lzp(R2)), 
Vp G L2((0,oo);ij^i(M2) nii"*2(^2)^^ 

provided that 

(2-5) l|V^o|lHn+inH'=2 + llV-fAolli/si+in^sa+i + ll'"o|lijn+inij«2 < cq 

for some Cq sufRciently small. Furthermore, there holds 

^2 g-j + ll"llL2(]R+;ijn+2nif'>2+l) + II WllL2(M+;ij''l + lnij''2+l) 

+ I|V"IIl1(]R+;L°°) + \\^P\\L'2{R+;HnnH^2) 

< C(||VV'o|lijn+inif''2 + l|VV'o|lijn+inij''2+i + ll'^oHifsi+in^sz) , 

, 11 II def II II I II II J II II II II I II II 

wnere \\ ■ Whs^hs' — \\ ■ Wfjs + || ■ Whs' ana \\ ■ \\Lp(M.+.H'>nH''') ~ II ' \\lp{m.+;H'>) + II ' \\lp{r+;H'>') 

for p £ [1, oo]. 

In order to avoid the difficulty of propagating anisotropic regularity for the free transport 
equation in the coupled system (1.1) and (2.1), we shall first write them in the Lagrangian 

def f dx.24> dx^c 



coordinates. Indeed let ?7 = J!:^ , ~ ] , we deduce from (1.1) and (2.1) that U 

\-Oxi(P -Oxi<PJ 

solves 

(2.7) dtU + u- VxU = VxU U, U\t=o = Uo, 

with Uq being given by (2.2). 

To write the nonlinear term, div[V^(8'V^] , in the momentum equation of (1.1), into a clear 
form in the Lagrangian formulation, we need the following lemma concerning the structure 
ofUo. 
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Lemma 2.1. Let 4>o{x) = X2 + i^o{x), M^) = -xi+^jq, with V'o G H^''+''{M.'^) n H''-'+'^(R^), 
tjjo G ij^i+i(M2) n ij^2+2^]^2^ f^j^ g (2,oo), T2 G (-1,0), and HVV'oHl- + ||VV^o||l- < eo 



for some Eq sufEciently small. Let Uq satisfy (2.2). Then there exists Yq 

2) with diYo e ij^2(M2) so that Xo{y) =^ y + Yo{y) satisfies 

Uo o Xo{y) = VyXo{y) = 1 + VyYo{y) 



(2.8) 

Moreover, there holds 



(2.9) 



l^r 



0llijn+inH^2+2 



+ ll^iyr 



ijn+lnif^2 + l' IIV'0|lHn+lni/^2+2)(IIV'0|lii-Ti+ln^r2+l + IIV'0|lijri+l|-|ijT2+2) , 

where C(Ai, A2) is a constant depending on Ai and A2 non-decreasingly. 
Proof. Let y = (F^F2), we denote 



(2.10) 



def 



F{y,Y)''^'My + y) + Y', 
[G(y,F)tf^o(y + y)-yi. 



Notice from the assumption det Uq = 1 that 



det 



d{F, G) 
5(Fi,F2) 



det 



e=y+Y 



detUo{y + Y) 



from which and the classical implicit function theorem, we deduce that around every point 
y, the functions F{y,Y) = and G{y,Y) = determines a unique function Yo{y) = 
(Y^\y),Y^\y)) so that 

F{y,Yo{y)) = = G{y,Yo{y)), 

or equivalently 

(2.11) Yo\y) = My + Yo{y)) and Y^iy) = -Mv + Yo{y)). 

Moreover, there holds 

f dyXiy) = o {y + Yo{y)){l + dyXiy)) + d.,i'o o {y + Yo{y))dyXiy), 

dyXiy) = o (y + Yo{y))dy,Yi{y) + d.,^o o {y + Yo{y)){l + dy^iy)), 

dyXiy) = -d.^i^o o {y + Fo(y))(l + dyXiy)) - d.,^o o {y + Yo{y))dyX{y), 
{ dyXiy) = -d.^i^o o (y + Yo{y))dyX{y) - dx.i^o o {y + Yoiy)){l + dy^iy))- 
Thanks to (2.12) and det Uq = I, we infer 

(dyXiy) = d.,i^oo{y + Yoiy)), 
dy2Yoiy) = dx^ipo o{y + Yo{y)), 
dyXiy) = -5^1 V'o o (y + ^o(y)), 
I dyX{y) = -dxii^o o (y + Yo{y)), 
which implies (2.8). Moreover, it follows from (2.13) that 



(2.12) 



(2.13) 



V.(^o" (^) 



(I + VyYo)-' oX^\x)~I 
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Then using Lemma A.l with $ = ^{x), we deduce from (2.13) that for ri G (2,oo) and 
r2G (-1,0), 



< C'(||Va;V'o||L°°, ||Va;V'o||L°°)(l + || Aaj'i/'O || i/n -2 + HAajV^oHj/Ti-z) 

X (l|AxV'o||//n-i + IIA^r^ollnn-i), 

llVylolinra+i < C(||Va;V'o||L-', || V^j^o ) ( || VajV'O llijra+i + ||Va;Vio||^r2+i) , 
II^J/i^o|lijr2 < C{\\Vx1Po\\l^, \\Vx'iPo\\l°°){WxiPo\\h^2 

+ (llVa^V'ollijra+i + ||Va;V'o||ijr2+i)||Va;V'o||L2), 

which along with Sobolev imbedding theorem ensures (2.9). This concludes the proof of 



Lemma 2.1. 



□ 



With Lemma 2.1, for (V'o^V'o) given by Theorem 2.1 and Uq by (2.2), there exists Yq = 
{Yt},Y^) so that VYo G H'^+^iR"^) n H'^iR^), diYo e H'^{R^), and there holds (2.8) and 
(2.9). With Xo(y) = y + Yo{y) thus obtained, we define the flow map X{t,y) by 

r dX{t,y) 



dt 



u{t,X{t,y)), 



[Xit,y)\t=o = Xo{y), 
and Y{t, y) through 

(2.14) X{t,y) = Xo{y) + f u{s,X{s,y))ds'^M y + Y{t,y). 

Jo 

Then thanks to Proposition 1.8 of [19] and (2.8), we deduce from (2.7) that 

(2.15) U{t,Xit,y)) = VyXit,y)=I + VyYit,y) and det (/ + Vj,y(t, y)) = 1. 

Denoting C/(t,X(i,y)) {aij)ij=i,2 and U-\t,X{t,y)) = {I + VyYit,y))-^ (6,,)„=i,2. 
It is easy to check that, as det U = 1, (6ij)i,j=i,2 = Ay with 



(2.16) 



Ay 



def A +a„,y2 



-d 



-dy.,Y^ 

i + a,,yi'' 



is the adjoint matrix of {I + VyY), and Yifi=\ — 0- Furthermore, let h =^ {dx24'j —dx^cf))'^, 
it follows from (2.15) that 

(2.17) boX{t,y) = {l + dy,Y\dy,YY and Ayib o X) = {l,Of , 
and consequently one has 

[-div^ (V^0 Vx.0) + V^(| Vx.<^|2)] o X(t, y) 
= [div,.(b®6)]oX(t,y) 

= Vj, • [Arib o X) (6 o X)] = {boX) = d^Yit, y), 

that is 

(2.18) [-diY^{Vx(p ® V.</.) + V,(|V</>P)] (t, X(t, y)) = dlY{t, y). 
With (2.14) and (2.18), we can reformulate (1.1) and (2.1) as 

' Ytt - Vy • VyYt - d^Y + Vyq = 0, 

(2.19) <j Vy • Ft = 0, 

def 

y|t=o = Yo, Yt\t=o = uoo Xo{y) = Yi, 



8 F. LIN, L. XU, AND P. ZHANG 

where q{t,y) = {p + |V0p) o X{t,y) and Vy = Ay^y with Ay being given by (2.16). Here 
and in what follows, we always assume that ||Vyy||Loo < i. Under this assumption, we 
rewrite (2.19) as 

f Yu-AyYt-dlY = f{Y,q), 



VyY = piY), 
[Y\t=o = Yo, Yt\t=o = Yi, 



(2.20) 
where 

f{Y,q) = (Vy ■ Vy - Ay)Yt - Vyq, 

(2.21) /•* 

p{Y) = VyYo- / (Vy - V,) • Ysds = dy,Y^dy,Y^ - dy,Y^dy,Y^. 
Jo 

Here wc have used the fact that det (/ + V^Iq) = dct Uq = 1 and (2.16) to derive the second 
equality of (2.21). Indeed, thanks to (2.16) and det (/ + Vylo) = 1) one has 

(Vy - V,) • Yt =^(dy,Y%,Y^ - dy,Y%,Y^) 

(2.22) 

=-(det (/ + v,y)-i-v,-y). 

Furthermore, (2.22) ensures that the equation Vy • Y = p{Y) would imply det (I + V^y) = 1 
and VY-Yt = 0. 

For notational convenience, we shall neglect the subscripts x or y in 5, V and A in what 
follows. We make the convention that whenever V acts on {^p,u,p), which is a solution to 
(1.6), we understand (V^, Vtt, Vp) as (Vxip, ^xU, VxP)- While V acts on (Y, q), the solution 
to (2.20), we understand {VY,'S/q) as {VyY,Vyq). Similar conventions for d and A. 

For (2.20)-(2.21), we have the following global wellposedness result: 

Theorem 2.2. Let si > 1, e (-1,-^). Let {Yo,Yi) satisfy {diYo, AYq) e ii"^i(M^) n 
H^'^iR^), Yi e H^^+\R^)nH^''{R'^) and 

(2.23) det (/ + VFo) = 1, Vy^ • = 0, and 

(2-24) ll^i^o|lijs2 + ||A^o|lijnnij»2 + \\Yi\\fjn+-^nH''2 ^ ^0 

for some Eq sufRciently small. Then (2.20)-(2.21) has a unique global solution (Y, q) (up to a 
constant for q) so that 

Y e C([0, oo); H''+^ n H'^+^{R^)) and Y^ G C([0, oo); H'^+^{R^)), 
diY e C{[0,ooy,H'%R'^)) n L'^{R-^;H'^+^ n H'^+\R^)), 
(2.25) ^ ^^^^^ ^^^^^ ^ H'^iR'^)) n L^{R+; n W^+'^{R^)) n L^(M+; Lip{R^)), 

Vq e L'^{R+;H'^ r]H'^{R^))r\L^{R+;H'^ r\H'^{R^)). 
Moreover, there hold det (/ + VY) = 1, Vy ■ = 0, and 

\\Y\\^ _L ||/)iV||2 I IIV^II^ 

II llL°o(R+;_ff''l+2ni?»2 + 2) ^ 11^1-' IIl°°(R+;H''2) ^ II IIL°o(R+;_H"''2 + 1) 

(2 26) II *llL°°{R+;H''i+inij=2) ^ ll'^i-' llL2(R+.jjn+inij»2+i) ll^*llL2(]R+.^n+2f^^s2+i) 

+ ll^^tllLl(R+;L°°) + ll^^llL2(]j+.£fsin^s2) + ll'^^llLi(R+;i?nni?''2) 
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Remark 2.1. As for the Eulerian formulation (1.6), it is also rather technical to explore the 
delicate mechanism of partial dissipations in (2.20). We overcome this difficulty by apply- 
ing the anisotropic Littlewood-Paley theory. However, as we use the Lagrangian formulation 
(2.20) instead of Eulerian one (1.6), we actually avoid the difficulty concerning the prop- 
agation anisotropic regularity for the transport equation, which we encountered in [18]. In 
general, it is interesting to see how the anisotropic Littlewood-Paley theory can be applied 
to these evolution equations with degenerations of certain ellipticity (parabolicity) in phase 
variables. 

Remark 2.2. We note once again that the equation V - Y = p{Y) = diY'^d2Y^ — diY^d2Y^ , 
which implies the incompressibility condition det (/ + Vl^) = 1, plays a key role in the proof 
of Theorem 2.2. In particular, this equation ensures the global in time -estimates ofVq 
and VYt, which is crucial to close the energy estimates for (2.20) -(2.21). Furthremore, this 
equation provides better estimates for the component Y"^ than that of Y^ . 

Scheme of the proofs. 

To avoid the difficulty caused by propagating anisotropic regularity for the free transport 
equation, we shall first prove Theorem 2.2, which concerns the global wellposedness in the 
Lagrangian formulation (2.20)-(2.21) for the coupled system (1.1) and (2.1). 

Indeed let (y, q) be a smooth enough solution of (2.20), applying standard energy estimate 
to (2.20) gives rise to 

A/lriiy:i|2. +iivj|2. ^+ii/9,vi|2. +iiavi|2. _+i||v||2 ^ ^ 



d.tV2 



(2-27) +^l|i^dlW + rtll^.,. + ^l|aiy||^.,, 
= {f\Y,-\i\Y-m)Hs- 

where / is given by (2.21) and (a | b)^s denotes the standard if* inner product of a and 
b. (2.27) shows that d^Y belongs to L2(M+; ii*+i(M2)). After a careful check, to close the 
energy estimate (2.27), we need also the 1} {R^ ; Lip{R^)) estimate of Yf. Toward this, we 
investigate first the spectrum properties to the following linearized system of (2.20)-(2.21): 



(2.28) 



Ytt - m - dlY = f, 
Y\t=Q = Yq, Yt\t=o = Yi. 



Simple calculation shows that the symbolic equation of (2.28) has eigenvalues A-i-(^) given 
by (3.1) and they satisfy (3.2). This shows that smooth solution of (2.28) decays in a very 
subtle way. In order to capture this delicate decay property for the solutions of (2.28), we 
will have to decompose our frequency analysis into two parts: |^ = (^1,^2) '■ |CP ^ } 
and = (^1,^2) : |CP > 2|^i| }. It suggests us to use anisotropic Littlewood-Paley analysis 
to obtain the L^(M+, Lip{R^)) estimate of Yf. 

With Theorem 2.2, we can prove Theorem 2.1 through coordinate transformation, namely 
from Lagrangian coordinates to Eulerian ones. Finally thanks to Lemma 6.1, for s > | and 
■00 being small in Ak+i,s{'^'^), there exists ■00 so that there hold (2.2) and (6.16). We thus 
obtained {ipo, ipo) and the initial velocity field uq given by Theorem 1.1, we infer from Theorem 
2.1 that the coupled system between (1.1) and (2.1) has a unique solution [cp, (p,u,p), which 
satisfies (2.4) and (2.6). In particular, {(f), u,p) solves (1.1) and we complete the proof of 
Theorem 1.1. 
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The rest of the paper is organized as follows. In the first part of Section 3, we shall 
present a heuristic analysis to the linearized system of (2.20)-(2.21), which motivates us 
to use anisotropic Littlewood-Paley theory below, then we shall collect some basic facts on 
Littlewood-Paley analysis in Subsection 3.2. In Section 4, we apply anisotropic Littlcwood- 
Paley theory to explore the dissipative mechanism for a linearized model of (2.20)- (2.21). In 
Section 5, we present the proof of Theorem 2.2 and then Theorems 2.1 and 1.1 in Section 6. 
Finally, we present the proofs of some technical lemmas in the Appendices. 



3. Preliminary 

3.1. Spectral analysis to the linearized system of (2.20). Before dealing with the full 
system (2.20) and (2.21), we shall make some heuristic analysis to the linearized system 
(2.28). Observe that the symbolic equation of (2.28) reads 

A' + |C|'A + ^? = for ^ = (6,6)- 
It is easy to calculate that this equation has two different eigenvalues 

(3.1) A, = J(l±VWIK. 

The Fourier modes corresponding to A_|- decays like e"*'^'^. Whereas the decay property of 
the Fourier modes corresponding to A_ varies with directions of ^ as 

(3.2) A_(0 = ^-^==^^-1 as 1^1 ^oo 

i?p(i + V^) 

only in the direction. This simple analysis shows that the dissipative properties of the 
solutions to (2.28) may be more complicated than that for the linearized system of isentropic 
compressible Navier-Stokes system in [9] . It also suggests us to employ the tool of anisotropic 
Littlewood-Paley theory, which has been used in the study of the global wellposedncss to 3- 
D anisotropic incompressible Navier-Stokes equations [5, 6, 11, 12, 20, 21, 23], and in [18] 
to explore the dissipative properties to the three-dimensional case of (1.6). One may check 
Section 4 below for the detailed rigorous analysis corresponding to this scenario. 

3.2. Littlewood-Paley theory. The proof of Theorem 2.1 requires a dyadic decomposition 

of the Fourier variables, or the Littlewood-Paley decomposition. For the convenience of the 
readers, we recall some basic facts on Littlewood-Paley theory from [1]. Let f and x be 

smooth functions supported in C {r G M"*", | < r < |} and B'^ {r G M"*", r < |} such 
that 

V9(2-V) = 1 for r > and x(.r) + ^ ^(2"^) = 1. 

jei. j>o 
For a G 5'(M^), wc set 

A^tV-H^(2-'=|Ci|)a), 5^tV-Hx(2-l6l)S), 

(3.3) A^a'^M J^-\<p{2-%\)a), 5> 4lV-i(x(2-'=|6|)S), and 

Aja 4^V-^(¥^(2-^|e|)a), Sja tV-i(x(2-'=|^|)a), 

where Ta and a denote the Fourier transform of the distribution a. The dyadic operators 
defined in (3.3) satisfy the property of almost orthogonality: 

(3.4) AkAja = if |A;-i|>2 and Ak{Sj-iaAjb) = if |A;-i|>5. 
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Similar properties hold for and A^. 

In what follows, we shall frequently use the following anisotropic type Bernstein inequali- 
ties: 

Lemma 3.1. Let Bh (resp. By) a ball of M/^ (resp. Ry), and (resp. Cy) a ring of 
(resp. Ry); let 1 < p2 < pi < oo and 1 < ^2 < 9i < oo. Then there holds: 

If the support of a is included in 2^Bh, then 

\\d>\\LlHLl^) ^ 2K"+(i^-^)) ||a||^..(^,i). 
If the support of a is included in 2^ By, then 

If the support of a is included in 2^Ch, then 
If the support of 'a is included in 2^C„, then 

Definition 3.1. Let {p,r) G [l,+oof, s G M and n G we set 

• Fors<^ (ors = ^ifr = l), we define B'JR^) =^ {u € ^'(R^) I \\u\\ < oo}. 

• If /c G N and I + /c - 1 < s < I + A: for s = I + A; if r = i;, tiicn -8^,^(1^^) is defined 
as the subset of distribution u G 5'(M^) such that d^u G Bp~^{M.'^) whenever |/3| = k. 

Remark 3.1. (1) It is easy to observe that B^^i^"^) = H^{R^). 

(2) Let {p,r) G [l,+oo]'^, s e R and u e S'{R^). Then u G if and only if there 
exists {cj^r}je'E such that \\cj^r\\e'- = 1 ond 

II^i^IIlp < Ccj r2^^^\\u\\r,s for all j G Z. 

(3) Let s,si,S2 eR with Si < s < S2 and u e H''^{R^)nH''''{R^). Then u e Bl^i{R^) , and 
there holds 

S2—S s — S]^ 

(3-5) M\bi, ^ \M 1.7' ll^ll ^V/' ^ ll^llijn + \W\\h^2 ■ 

To derive the L^fR"*"; Lip(R^)) estimate of Yj determined by (2.28), we need the following 
two-dimensional version of the anisotropic Besov type space introduced in [18]: 

Definition 3.2. Let si,S2 G R and u G 5'(R^), we define the norm 

Then motivated by the proof of Lemma 2.1 in [18], we have the following improved version: 

Lemma 3.2. Let si,S2,Ti,r2 G M, which satisfy si < Ti + T2 < S2 (^nd T2 > 0. Then for 
a G ii^i(R2) n H'^{R^), a G B^^'^^R^) and there holds 

\\a\\i3-ri,T2 < ||a||^Ti+T-2 ^ ll^illii-si + Il'^llii-S2- 
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Proof. Indeed thanks to Definition 3.2 and the fact: j > k — No for some fixed positive integer 
A^o in dyadic operator AjA^, we have 

k<j+No 

<^2^-||A,a|U. J2 

jeZ k<j+No 

<^2^-(-i+^)||A,-a|U.<||a||^.,+.„ 

which together with (3.5) completes the proof of the lemma. □ 

In order to obtain a better description of the regularizing effect of the transport-diffusion 
equation, we will use Chemin-Lerner type spaces Lj,(i?p ^.(M^)) (see [1] for instance). 

Definition 3.3. Let (r,A,p) G [l,+oo]3 andT e (0,+oo]. We define the L^{B^,.{R^)) norm 
by 

def ' '•^ 



with the usual change if r = oo. For short, we just denote this space by Lj,{Bp j.). 

Remark 3.2. Corresponding to Definitions 3.2 and 3.3, we define the norm 

def 



\u 

Then it follows from the proof of Lemma 3.2 that 

with Ti,T2 and si,S2 satisfying the assumptions of Lemma 3.2. 

Wc also need both the isotropic and anisotropic versions of para-differential decomposition 
of Bony [2] . We first recall the isotropic para-differential decomposition from [2] : let a, 6 G 

ab = T{a,b)+ n{a, b), or ab = T{a,b)+ T{a, b) + R{a,b), where 

T(a, b) = Sj-iaAjb, T{a, b) = T{b, a), TZ{a, b) = AjaSj^2b, and 

(3.7) jez 

i+i 

R[a, b) = ^ AjaAjb, with Ajb = ^ A^b. 

iez i=j-i 

We shall also use the following anisotropic version of Bony's decomposition for the horizontal 
variables: 

ab = T^{a,b)+TZ''{a,b), or ab = T^{a,b) +f''{a,b) + R''{a,b), where 

T\a,b) = J2sti(^A'j^b, f\a,b) = T\b,a), 7^'^(a, 6) = J] A^a-S^^^^ and 

(3.8) kez 

k+l 

R''{a,b) = Y,^ka^kb, with ^b = ^ A^6. 
fcez e=k-i 



GLOBAL SMALL SOLUTIONS TO 2-D MHD SYSTEM 13 

Considering the special structure of the functions in B^^'^^{M.'^), we sometime use both (3.7) 
and (3.8) simultaneously. 

As an application of the above basic facts on Littlewood-Paley theory, we prove the fol- 
lowing product law in space B^'^'^'^ {'R'^) given by Definition 3.2. 

Lemma 3.3. Let si,S2,ti,T2 G M, which satisfy si,S2 < \, ti,T2 < \ and si + S2 > 0, 

Ti + T2> 0. TJien for a G B^^'''^{R'^) and b G B^''''^{R'^), ah G (rS) 

holds 

(3-9) ||a6||^,^+,2_i_,^+,2_i < ||a||Bn.ri||6||B.2.-2. 

Proof. We first get by using Bony's decompositions (3.7) and (3.8) that 

(3.10) ah =(TT^ + TT^ + TB!" + TT^ + ff^ + TR^ + RT^ + RT^ + RR^) (a, 6). 

We shall present the detailed estimates to typical terms above. Indeed applying Lemma 3.1 
gives 

||A,-A^(ri?'^(a,6))|U2 <2t l|5/-iA^,a|Uc.(^2)||A,-,A^,6|U2 

\3'-i\<i 

k'>k-Ng 

b''-3l<4 
k'>k-NQ 

as Ti + r2 > and si < ^ so that ||5j'_iA^,a||j;,oo(/,2) < 2^ '^2~^i)2^^ ||a||0si.n . The same 
estimate holds for Aj A^(f i?'^(a, 6)). 
Along the same line, we have 

||A,Aj^(i?i?'^(a,6))|U2 <2i2t ^ ||A,vAj^,a|U2 ||A,vA^,6||^2 

i'>j-NQ 
k'>k-NQ 

j'>j-No 
k'>k-NQ 

< d,, ,2-^'(^i+^^-5)2-'=(-i+-^-5)||a||B.„n ||6b=2..2 

due to the fact: si + S2 > and ti + T2 > 0. The estimate to the remaining terms in (3.10) 
is identical, and we omit the details here. 
Whence thanks to (3.10), we arrive at 

||A,Aj^(a6)|U2 < d,-,2-^-(^i+^2-i)2-Mn+r2-i)||„||^^^,^^ 
which implies (3.9). This concludes the proof of Lemma 3.3. □ 
We finish this section by some product laws in H^{M.'^) and i(IR^) (see [1] for instance): 

Lemma 3.4. For any s > —I, there hold 

(i) \\ab\\ 

(ii) \\ab\\Hs < \\a\\Bl,\MH- + (ll«llif^ll^'llBi^)s>i; 
(Hi) \\ab\\jj, < ||a||Loo||6||^, + ||a||^,+i ||6||i2, 

where the notation Ag = Bs + {Cs)s>so means Ag = Bg if s < sq and Ag = Bs + Cg if s > sq. 
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Lemma 3.5. For any s > —1, there hold 

(ii) lla^llfii^j ^ II«IIbi_JI^IIb|_i + I|o|Ib|+i 11^11^2. 

4. L\,{Lip) ESTIMATE OF Yt 

As it is well-known, the existence of solutions to a nonlinear partial differential equation 
follows essentially from the uniform estimates for its appropriate approximate solutions. In 
Subsection 5.3, we shall present the uniform global estimates to the approximate solutions 
of (2.20)-(2.21) provided that the initial data {Yq,Yi) satisfies (2.23) and (2.24), and hence 
the proof of Theorem 2.2. Toward this, a key ingredient used in Section 5.3 will be the 
L^(]R+; Lip(R^)) estimate of Yf. And this is the purpose of this section. 

4.1. The II Vlt||j;,i^(^cx)) estimate for solutions of (2.28). We first investigate the || VFt H^i^^^oo-) 
estimate on solutions of the linear equation (2.28). 

Proposition 4.1. Let Y he a sufficiently smooth solution of (2.28) on [0,T]. Then there 
holds 

(4.1) ||vy,|Li(.c.) < < ri||^_i,i+||a,yo||^_i,i+||Ayo||^_.,. +11/11.1 (Bo,o). 

Proof. Applying operator AjA|! to (2.28), we first get that 

(4.2) A.A^^u AA, A^y* - a^A, A^^F = A, A^/. 
Taking the L inner product of (4.2) with AjA'^Yt gives 

(4.3) i|(||A,-A^y,||i. + ||5iA,A^y||i.) + ||VA,A^y,||i. = (A,A^/ | A.A^F,). 
While taking the inner product of (4.2) with AAjAj^y leads to 

{A.A'^Yu I AA,AiT) - i|||AA,A^y||i. - ||5iVA,A^y||i. = (A,A^/ | AA.A^y). 
Notice that 

(A,A^y,, I AA.A^y) = |(A,A^y, I AA,-A^y) - (A.A^y, I AA,-A^y,), 
hence there holds that 

(4.4) " ^"^^^'^^ I ^^AkY)) - l|VA,-A^y,|||. + ||5iVA,-A^y|||. 
= -(A,-A^/ I AA,-A^y). 

Summing up (4.3) with | x (4.4) gives 

^M{t? + |||VA,A^y,||i. + i||aiVA,A^y||i. 

(4.5) ^ 

= (A,A^/| A,A^y,--AA,A^y), 



where 



g,4tf 'ifl(||A,A^y,(t)||i. + ||5iA,A^y(t)||i. + i||AA,A^y(t)||i.) 
-l(A,-A^y,(t)|AA,A^y(0). 
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It is easy to check that 

i|(A,.A^y, I AA,-A^y)| < l||AA,.A^y||i. + l||A,A^y,||i„ 
which implies 

i||A,A^y,(i)||i. + ^||5iA,-A^y(t)||i. + 1||AA,-A^y(t)||i. 

< g,At? < ^||A,A^y(t)||i. + l||9iA,A^y(i)||i. + A||AA,A^y(t)||i„ 
or cquivalently 

(4.6) g,,,{tf ~ ||A,-A^y,(t)||i. + ||9iA,A^y(t)||i. + ||AA,A^y(t)||i.. 

With (4.5) and (4.6), and according to the heuristic analysis in Section 2, we shall divide the 
proof of (4.1) into two cases: one is when j < ^y^, and the other one is when j > ^yi. 
Case (1): when j < In this case, we infer from Lemma 3.1 and (4.6) that 

9,,,{tf ~ ||A,A^y,(0||i. + ||aiA,A^y(0||i., 

and 

||VA,-A^y,(i)||i. + ||9iVA,Al^y(t)||i. 

> c22^d|A,A^y(t)||i. + ||5iA,A^y(t)||i.) > c2'^9j,kitf, 

from which, for any e > 0, dividing (4.5) by gj,k{i) + then taking £ — >■ and integrating 
the resulting equation over [0, T], we deduce 

W^Atyth^iL^) + ||9iA,-A^y||^o,(i2) 

(4.7) + c22^d|A,-A^y,||^i^(^.) + ||5iA,-A^y||^^(^.)) 

< ||A,-A^yi|U. + liaiA.-A^yolU. + ||A,-A^/|Li^(^.). 

Case (2): when j > In this case, we apply Lemma 3.1 to obtain that 

g,,,itf ~ \\A,A'^tmh + \\AA,A'^Y{t)\\l,, 

and 

||VA,A^y,(t)|li. + ||aiVA,A^y(i)|li. 

'22k <22k 

> c^(||A,A^y,(i)||i. + ||AA,-A^y(t)||i.) > c^gjMtf, 
from these and (4.5), we deduce by a similar argument for (4.7) that 

WAj^kYth^iL^) + l|AA,A^y||i^(^2) 

r)2k 

(4-8) +C22j(l|A,A^y,|L^(^.) + ||AA,-A^y||^i^(^.)) 

< ||A,-A^yi|U. + ||AA,-A^yo|U. + ||A,-A^/|Li^(^.). 
On the other hand, via (4.3), one has 

^|||A,A^y,(t)||i. + ||VA,A^y,(i)||i. = (S^A.A^y + A,A^/ I A.A^y,), 
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from this, Lemma 3.1 and (4.8), we conclude 

(4.9) < l|A,-A^Yi|U. + C(22'=||A,-A^y|L^(^.) + W^AkfHiL^)) 

<||A,A^yi||^. + ||AA,A^yo||L^ + ||A,A^/||i^(^.) for j> 
By Definition 3.2, we get, by combining (4.7) with (4.9), that 

which together with the fact 



< J2 2^2l2i||A,.A^A?y,|Li^(^.) 

j>e-No 

< ^2¥2l||A,Ai'y||^.(^.)<||y,||^,^^3,.^, 



imphes (4.1). This finishes the proof of Proposition 4.1. □ 

4.2. L\,{B°'^) estimate of fiY,q) given by (2.21). With (4.1), to derive the L\,{Lip{R^)) 
estimate of 1* for smooth enough solutions of (2.20), we need to estimate the L^{B^'^) norm 
of f{Y,q) given by (2.21). This will be done in this subsection. 

Proposition 4.2. Let {Y,q) he a smooth enough solution of (2.19) (or equivalently (2.20)- 
(2.21) ) on [0,T], with the initial data satisfying (2.23). We assume further that 

(4.10) < ^ 

for some cq sufEciently small. Then one has 

^^^^^ llv.ll..(HO,o)<c{r.il,.(,|,|)l|vy,||^,^^.,.^ 

Proof. Thanks to (2.19), we get by taking dt to Vy ■Yt = that 
(4.12) Vy • Ytt = -dtA^V ■ Yt. 

While for cq sufficiently small so that 

l|vy||L5?(L^) < c||vy||^oo(^i_^^ < Ceo < \, 

X{t,y) determined by (2.14) has a smooth inverse map X~^(t,x) with X[t, X''^[t,x)) = x 
and X-'^{t,X{t,y)) = y. Then it follows from Vy • y* = that 

Vy • (Vy • VyYt) = [V, • A,(yi o X"\t, x))] o X{t, y)=VY- Vy (Vy • Yt) = 0, 

from the latter and (4.12), we obtain by taking Vy to the first equation of (2.19) that 

Vy • Vyg = dtAlV • y* + Vy • 5? y. 
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or equivalently 

Aq = - (Vy - V) ■ Vyq - V • (Vy - V)g + dtA^V -Yt + Vy d^Y 

^^■"^^^ = - V • {{Ay - I)A^Vq) - V • {{A^ - I)Vq) + V • (dtAyYt) + Vy ■ dfY. 

The above, Lemma 3.1 and Definition 3.2 lead to 

(4.14) 



l|Vg||Li.(60,0) <||(^y - /)^yVg||ii^(BO,0) + \\{A^ - /)Vg||^i^(BO,0) 

+ \\dtAYYthi^^so,o) + ||V(-A)-l(Vy ■ 5?y)||i^(B0,0). 



Applying Lemma 3.3 and (2.16), one has 

ll(^f:-/)Vg||^^(^o.o) < ||vy||^^^^i,i^||Vg||^^(eo,o), 

(4.15) ll(^y-/)-4?:VQ||i^(BO,o)<(l + ||VF|| 1,1 )||Vy|| 1,1 jVg^ and 



\\dtAYYth^^^so,o) < l|Vyt|l^^(ei,i)rtll,. ..-1 1- 



While by (2.20) and (2.21), we have V ■ y = p{Y) = diY'^d2Y^ - diY^d2Y'^, from which, we 
deduce 

Vy • dlY =V -{{Ay- I)dfY) + dfpiY) 

(4.16) =ai(a2y^afy^ + aiy^aiSsr^ - di{diY^d2Y^)) 

+ 52(-aiy2ai2yi + diY^dfY^). 

Applying Lemma 3.1 and Lemma 3.3 leads to 
||V(-A)-l(Vy -92^)11^^(30,0) 

Substituting (4.15) and (4.17) into (4.14) and using Lemma 3.2, we conclude that 

I|VqILi.(bo,o) <(i + l|vy||^oo(si j)l|vy||^oo(Bi^)l|Vg||^^(Bo,o) 

which together with (4.10) ensures (4.11). This completes the proof of Proposition 4.2. □ 

We now turn to the estimate of f{Y, q) given by (2.21). The main result is as follows: 

Proposition 4.3. Let f{Y, q) he given by (2.21). Under the assumptions of Proposition 4.2, 
and , in addition, if 

(4-18) IIv^IIl??(4\i) + II^^IIl^(4^i) ^ 1' 

we have 



(4.19) 
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Proof. Via (2.21), we split f{Y,q) as 

f{Y,q)=~f{Y)+~f{Y,q) with 
(^•20) - def ~ def 

Notice from the definition of Ay = {bij)i,j=i,2 given by (2.16) that 

2 

(4.21) f{Y)= J2 de{bejbmjdmYt)-AYt=^diFi + d2F2, 

e,m,j=l 



with 
(4.22) 



Fi = {2d2Y^ + \d2Yf)diYt - (1 + d2Y^)diY^d2Yt - (1 + diY^)d2Y^d2Yt, 
F2 = {2diY^ + \diY\^)d2Yt - (1 + d2Y^)diY^diYt - (1 + diY^)d2Y^diYt, 
and 

(4.23) /(y, q) = -iA^- I)Vq - Vq. 
We first observe from (4.15) and (4.23) that 

(4.24) II/(^,9)IIli.(bo,o) < (1+ ||VF|l^^(3,^))||Vg|L^(BO,o). 

To deal with f{Y), we need the following two lemmas, their proofs will be presented in 
the Appendix B. 

Lemma 4.1. Under the assumptions of Proposition 4.3, one has 

\\d2id2Y%Y,)u.^^,o,^ < livy||,.(^. jiy.ii,, (^3,.^ + \\diYXuBiJyih.^^sh^y 

Lemma 4.2. Under the assumptions of Proposition 4.3, one has 

\\dlid2Y'd2Yt)h^^^S0,0) < l|52yiiop(^i^^)rt||^^(g3,i)- 

Now, let us go back to the proof of Proposition 4.3. We first, by applying Lemma 4.1, to 
get that 

\\d2{d2Y^diYt)\\L^^^so,o) + \\d2{d,Y^diYt)\\r^^^^B0:0) 
By the same argument and using the product laws in Lemma 3.5, one has 

\\d2id,Y^d2Y^d^Yt)\\^r^^l,o,o) + \\d2id2Y^d,Y^d,Yt)h^^^i,oM) 

+ ll^2y|L.(^.^)liaiy|L.(4.^))l|y.ll,.^^.,.^. 

Whereas applying (3.9) gives 

||52(a,y^a,y,)||,.(,o,o) <ll5i^i,.(,|,i)ll9|^*ll,.(,|,.^ 

(4.27) ^\ ^ 
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and applying (3.9) twice leads to 

Combining (4.25)-(4.28) and using Lemma 3.2 and (4.22), we obtain 

1192^211x^(60,0) < (1 + l|vy||^50(5i^)){||vy||^^(^.^)||yi||^^^^3.i^ 

+ (1 + l|52r||^oo(^l_^) + ||52r||^oo(^. ^)) 

On the other hand, via (4.22), we deduce from Lemma 4.2 along with its proof that 

(4.30) l|5iFii|^^(Ho.o) < (1 + l|vy||^oc(^i^^))||vy||^^(^.^^)l|yt||^^^^3,i^. 

Therefore, under the assumptions (4.10) and (4.18), we arrive at (4.19) by summing up 
(4.11), (4.21), (4.24), (4.29) and (4.30). This concludes the proof of Proposition 4.3. □ 

4.3. L^{Lip{M.'^)) estimate of Yj. We now conclude this section with 
Proposition 4.4. Under the assumption of Proposition 4-3, one has 

(4.31) ' ' ' ''"^''^■^^ 

+ \\Yt\\\ .5 +\\diYf 1 +||y2||2 . 

LliBl,) LliBl^) Lt^B^,i) Ll(Bl^) 

Proof. Thanks to Propositions 4.1 and 4.3, and the assumption (4.10), we infer 

+ \\Yt\\r.,.ha^ 

(4.32) 



which along with Lemma 3.2 and (3.6) lead to (4.31). This completes the proof of Proposition 
4.4. □ 



5. The proof of Theorem 2.2 



5.1. A priori estimate of (2.19). With L^(L?p(R^)) estimate of Yf, we can now proceed 
with the energy method. 
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Proposition 5.1. Let Y be a sufEciently smooth solution of (2.20) on [0, T]. Then one has 

|2 iMV7AT^I|2 iMAA"\^l|2 



+ ||AA,-y||ioc(^.) + ||VA,-y,||i. + ||AA,-y*||i^(^,) 
+ ll^iVA,-y||2 +||AA,-y2"2 



(5.1) ll'^lV^j-' 11^2(1,2) -r ll^^j-f IIl2,(L2) 

, II A A l|2 , II A „l|2 

Of?(L2) 



< \\AjY,\\l, + \\VAJY^\\l, + \\d^AjYo\\l. + \\AAjYo\\l. + \\A,p\\% 



+ \\^^jP\\k(L^) + 1 1 i^jf I ^jYt - ^AA,y - AA.y*) dt\. 
Proof. Applying A^ to (2.20) gives 

(5.2) AjYu - AA.Yt - djAjY = Ajf, 

from which, and along the same line of the proof of (4.5), we get by taking the inner 
product of (5.2) with A^y^ - jAA^y - AAj-y* that 

|{i(||A,y,||i. + ||VA,y,||i. + ||5iA,y||i. + \\d,VA,Y\\l, + ^||AA,y||i.) 
(5-3) - J(A,-y, I AA,-y)} + ^||VA,-yt||i. + ||AA,-yt||i. + \\\d,VAjY\\l, 

= (A,/I A,y,-iAA,y-AA,y,). 

While it deduces from divy = p{Y) the followings 

^ ^ l|vAjy2||^^(^2) < ||aiAjy||^oo(^2) + ||Aj-/)|li^(j^2), 

(5.4) „ 

l|AA,y2||^2 (^2) < ||5iVA,y||^^(^2) + ||A,-52p|L|(i2). 

And similar to (4.6), here we have 



1 



^(||A,-y,||i. + ||VA,-y,||i. + ||aiA,-y||i. + ll^iVA^-yiii^ + ^||AA,-y||i.) 



- -{A,Yt I AA,y) ~ llA.yiiii^ + llvA.yiiii^ + \\diA,Y\\i, + ||AA,y||i2. 

Hence by integrating (5.3) over [0,T] and using (5.4), we obtain (5.1). This completes the 
proof of Proposition 5.1. □ 

The next proposition is concerned with the a priori estimate to the pressure function q in 
(2.19). 

Proposition 5.2. Let {Y,q) be a smooth enough solution of (2.19) on [0,r]. Then under 
the assumption (4.10), for any s > —1, we have 

5?(ii'''+2)ll^^llL^(L2) + 11^*11x2 (^l^^)||yt||^2^(^s+l) 

(5.5) + (livy^||^^(^. ^) + l|5iy||^^(^. ^))||aiy||^2 (^.,.) 

+ (r'llL2(H«+2) + ||5l>^||^2,(^.+,))||aiVy||^^(^2), 

and 

ll^^llL2(if'') ~ ll^llL5?(ij''+2)llV9llL2,(L2) + ll^dlL5?(Bi^)il^tllL2 

^^■^^ + m\\L¥iBiJ9,Y\\^.^^^.^,^ + riliop(^.+2)||aivy||^2(^2). 
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Proof. We first deduce from (4.13) that 

l|Vg(t)||^. <||((^y - I)A^Vqm\\H^ + - ^)Vg)(i)lli^. 

+ + ||V(-A)-i(Vy • dfY){t)\\^.. 

Thanks to (2.16), Lemmas 3.4 and 3.5, we see that for any s > —1, 

||((^y-/)^^v.z)(t)||^. <(i + l|vy(t)bi )(||vy(t)||^. ||v.z(t)||^. 

Q\ 2,1 ^ 2,1 

+ l|VF(t)||^.+i||Vg(t)||^.)- 
By a similar argument, we obtain that for any s > — 1, 

(5.9) mA^-I)Vqm\\^, <l|VF(t)||^iJ|Vg(i)||^. + ||VF(t)||^.+,||Vg(t)||^., 
and 

(5.10) ||(9i^yyt)(t)||^. < \\YtmBlJ\Mt)\\H.+,. 

On the other hand, due to (4.16), we deduce from Lemma 3.4 that for any s > — 1, 

||V(-A)-i(Vy • dlY){t)\\^. < \\{VY'd,VY){t)\\^. + \\{d,Yd,VYm\\^. 

< {m\t)\\^,^^ + \\^^Yit)\\^,J\\^^VYit)\\^. 

i/s+i)||^iVy(i)||L2. 

This combines with (5.7), (5.8), (5.9), (5.10) and the assumption (4.10) ensures that for any 
s > -1, 

l|Vg(i)||^. < ||Vy(t)||^.+i||Vg(i)|U2 + \\Ytm^,jYtm^.+, 

+ (llVy'(t)bi^ + \\d,Y{t)U,J\\d^VYm^. 

+ {\\VY\t)\\^,+, + \\diY{t)\\^,^,)\\diVY{t)h2, for t e {0,T). 

Integrating the above inequality over (0, T) leads to (5.5), whereas taking its norm with 
respect to time on (0, T) gives rise to (5.6). This proves Proposition 5.2. □ 

5.2. The Estimate to the source terms in (5.1). With Propositions 5.1 and 5.2, to close 
the a priori estimate for smooth enough solutions of (2.20)-(2.21), we need to deal with the 
estimate of p and /o^(Aj/ | AjYt - jAAjY - AAjYt) dt for p, f given by (2.21). We first 
present the related estimates for p, which is a direct consequence of Lemma 3.4 and (2.21). 

Lemma 5.1. Let Y be a sufRciently smooth function on [0, T] x . Then for any s > —1, 
p{Y) = diY^d2Y^ - diY^diY"^ satisfies 

ll^jp|lLf?(L2) ^ Cj2~-'''(|[a2y||^oo(^i^^)||(9iy||^op(^.) + ||52r||^oo(^«+i)||aiy||i|?(L2)), 
W^^jpWlul^) ^ (11^2^11^00(51^^) ll^iy 11^2 (^,+1) + l|52y|lioc(^.+i)||5iy 11^2(^1^^)). 

Lemma 5.2. Let {Y,q) be a smooth enough solution of (2.20)-(2.21). For s > —1, we 

assume, in addition, that 
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then one has 

Proof. For / given by (4.23), it follows from Lemma 3.4 that 

(5-13) ffh^H^) < (1 + Wy\\L¥iBl,))\\^'l\\L^,(H') + Wy\\L^iH^+^)\\^Q\\LUL^), 

which along with (5.11) implies for any s > — 1 

(5-14) I ^(A,/ I A,F,) dt\ < c|2-2^-^(||Vcz||^^(^.) + \\Vq\\LUL-))\\Yt\\i^^^.y 

J 

While via (4.21), we get by using integration by parts that 

fT 2 „r 



Jo Jo 



with Fi,F2 given by (4.22). For any s > —1, applying Lemma 3.4, one has 

\\d2Y'^9iyt\\L^^(H^) ^ \\92Y^\\L^(BlJ\^iyt\\LUH^) + ll^2>^iL-(i?-+i) 11^1^* IIl|(L2). 

Applying Lemma 3.4 twice and Lemma 3.5, it leads to 

\\d2Y'd,Y'd2Yt\\^,^^^.^ 

S\d2Y'd^YX^iBlJd2Yt\\^.^^^.^ + \\d2Y'd^Y^^^^^^^^^^^^ 

s\'^yX^(Bi,){\\'^yX^iBiJd^^^^^^^ 



Similar estimates hold for the other terms in Fi,F2 given by (4.22). Therefore, under the 
assumption (5.11), we obtain 



I / (A,/ I A,Yt)dt\ <c^2-2^-^{(||vy||^^(^,^)||y,||^^(^,,,) 

+ ll^llLf?(if''+2)ll^tllL2,(ifi))ll^t|lL2(ij<.+i)}- 

This together with (4.20) and (5.14) implies (5.12). We complete the proof of this Lemma. □ 

Lemma 5.3. Let (Y, q) he a smooth enough solution of (2.20)-(2.21). For s > —1, we assume 
also that (4.18) and (5.11), then one has 



(5.15) 



I / (A,/ I AA,Yt)dt\ < cp-^''{{\\Vq\\^,^^^^^ + ||Vg||i^(i.))rdl 

J 



and 



(5.16) 



GLOBAL SMALL SOLUTIONS TO 2-D MHD SYSTEM 23 

*j 



Proof. Thanks to (4.22) and (4.23), we get by using Lemma 3.4, (4.18) and (5.11) that for 
any s > —1, 

2 

^^^^^^ WfhuH^) ^ \\Fi\\Ll{Hs+^) 

and 

ll/llL|(i^^) ^ (1 + llV>^lli5,(Bi^))l|Vg|L|(^.) + l|Vy|L^(^.+i)||Vg||^^(i.) 

which together with (4.20) implies (5.15). 

On the other hand, we infer from (4.18), (5.11), (5.13), (5.17) and (5.18) that for any 
s > -1 

(5.19) I f^iAj-f I AAjY)dt\ < c^2-2^-^(||Vg||^^(^.) + ||Vg||^^(^.)) ||Ay||^^(^.), 

J 



(5.20) 



I AA,y2)dt| <e|2-2^-^(||vy||^^(3.^)||vrt||^.(^. 
+ l|V5-IL5,(^.+i)l|vy*||^^(^i^))||Ay2||^^^^^^. 



rT 

A -FS I A A _v2\ ^ „2r,-2js t\\y7Vll IIVTT^II 

Whereas via (5.17) and using integration by parts, we can obtain for s > — 1 the following 

I / {AjdiFl I AAjY^)dt\ =1 f (AjVFl \ diVAjY^)dt\ 
Jo Jo 

+ l|vi^lLo,(^.+i)||vy*||^.(^i_^))||5iVyi^^(^.). 

Because of (4.21), (5.19) to (5.21), to complete the proof of (5.16), we only need to deal with 
the term J^{Ajd2F^ \ AAjY^) dt. For this purpose, we split as + with 

(5.22) = {2diY^ + \diY\^)d2Yt^ - (1 + d2Y^)diY^diY^\ G^ = -(1 + diY^)d2Y^diYt^. 

It follows from Lemmas 3.4 and 3.5 and (4.18) that 

+ (l|5i>^llL|(if^+i) + l|Vi-'|lz,|(^.+i))||VFt||^^(^i^), 



24 F. LIN, L. XU, AND P. ZHANG 

for s > —1, this along with the fact that ||92G^||2;i ^^s^ < ||(?2G'^||^i ^^s) implies 



for any s > —1. 

To handle in (5.22), we first do a Bony's decomposition (3.7) so that 
d2Y^diYt^ = Tg^Y^diYt^ + TQ^Y,^d2Y^ + R{d2Y\diYt^). 
Using integration by parts, we have 



/ {Aj{TQ^Y^diYt^)\AAjd2Y^)dt 
Jo 

= - [ {AjiTg^Q^Y^Yt') I AAjd2Y')dt - r {A^{Tq^y^yI) \ AAjdid2Y') dt, 
Jo Jo 



(AjiTg^g^Y^Yt') I AAjd2Y')dt- r 
lo Jo 

from which and Lemma 3.1, we conclude 



{AjiTQ^Y^diY^^) I AAjd2Y^)dt\ 



Ii'-il<4 

+ ||5,v_i52yii5,(i^)||A,,y/||^^(^,)l|AA,9i92yii2(^.)) 
<c|2-2^-^(l|9i92yi^^(^.^)||y/||^^(^.+,)||Ay^llj^(^.) 

While it is easy to verify that for s > — 1, 

I r {Aj{R{d2Y\d^Y,^)) I AAjd2Y^)dt\ 
Jo 

< J2 ll^-'^2yiL-(L2)||A,-,aiy,i||i^(i..)||AA,-52yii5?(,.2) 



j'>j-No 

<cp-'n\diYt'huL-)\\d2Y'"' 



Lf?(i?''+i)" 



The same estimate holds for {Aj{TQ^Y^d2Y'^)) | AAjd2Y^)dt. Consequently we obtain for 
any s > — 1 that 

\j\Ajid2Y'd,Y,') I AA,a2y^)^.dt| <c|2-2^-^{||aiy/||^^(^.)||52yl|^(^.+,) 
(5.24) + \\d,d2Y' 11^, ^^^^^^^ ||y^i 11^, ^^^^^^ ||yi || j^^^,^,^ 

+ ll^2y^||iop(Bi_j||^t^|lL2(ij''+2)l|9l^^llL2(ij''+i)}- 
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Finally, under the assumption (5.11), we deduce from Lemmas 3.4 and 3.5 the following 

I r {Aj{diY^d2Y^diY^) I AAjd2Y^)dt\ 
Jo 

+ ll^l^lLi,(B^,,))l|5l^/llL|(Bi,))l|52y^|IZo,(^.+.) for S>-1, 

from which and (5.22), (5.24), we arrive at 

I r{Ajd2G' I AAjY')dt\ < cp-'^'{\\diY,X},iL'^) + l|5iVy|L|(Bi^) 

*J ' 

(5-25) + ||aiy||^^(^. ^) + ||vy|L.(^. ^) + livy.ii^. ^)) 

for any s > — 1 and with the assumption (5.11). 

Using (4.21), and by summing up (5.19), (5.20), (5.21), (5.23) and (5.25), we conclude the 
proof of (5.16). This finishes the proof of Lemma 5.3. □ 

5.3. The proof of Theorem 2.2. The proof of Theorem 2.2 is based on the following 
proposition: 

Proposition 5.3. Let si > 1 and S2 G (—1, — ^)- Let {Y,q) be a smooth enough solution of 
(2.20)-(2.21) on [0,T]. We denote £^'''^{Y,q) as 

(5.26) £^''''{Y,q)=^E'j^{Y,q) + E'^%Y,q) and S'^''"' =^ E'^' + E'^^ 
with 

and 

^0^ ='\\Yi\\% + ri||^.+, + ll^iyoll^. + \\Yo\\%.^,. 
Then under the assumption (4.10) and 

(5.27) l|V>"|IZoo(Bl^^) + l|Vy||£^(B2^) + niZoo(^.i+2) + niZoo(^.,+2) < 1, 

we have 

(5.28) £^''''{Y,q) < CiC'' +Ci((C''')'^' +4''''(^'«))4''''(^>9), 
for some positive constant Ci. 
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Proof. Under the assumptions (4.10) and (5.27), for s = si and s = S2, we can deduce from 
Propositions 5.1 and 5.2 that 

|2 , ||„||2 I ||-i^||2 niV7„ll2 I ||V7„I|2 



Emq) < E^, + \\p\\i^^^.^ + + rili5,(H»+.)(l|V9|lii (^.) + l|Vg||i^(^.)) 



Thanks to Lemma 5.1, there holds 

While it follows from Lemmas 5.2 and 5.3 that 



2'^'1 / {Ajf I AjYt - \AAjY - AAjYt) dt\ 



+ + llV>t|li^(s,V))(ll^i^lli|K,) +^T(i^,'?)) for . = 

As a consequence, we obtain for s = si, S2, that 

E't{Y, q) <E'o + {(EUy, q)f''' + (EHY, q)f'^ + E^^iY, q) + E^^iY, q) 

Notice from (3.5), one can easily deduce 

and (Y, q) < E^^ (Y, q) + E'^' {Y, q) , 

for any si > 1, S2 G ("Ij—^)- Thus by taking s = si,S2 in (5.29) and summing up the 
resulting inequality yields 

(5.30) £^^^-"'{Y,q) < + (|iaiy,i^^(^.) + f^-^^(y,g)V2 + ^^i-^^(y,^))^^i.«^(y,g). 
On the other hand, it follows from Proposition 4.4 and (3.5) that 

(5.31) ll9iy,ii^(io.) < (C^)'/' + 4"''(^,9). 

Substituting (5.31) into (5.30), one concludes the proof of (5.28). □ 

Remark 5.1. We should mention that the restriction for S2 G (—1,—^) in Theorem 2.2 is 

due to the following fact: 

+ ll^l^llL|(ij^2+i) + ll^l^lliKi/n+i), 

which has been used in the proof of (5.31). 
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Now we are in position to complete the proof of Theorem 2.2. 

Proof of Theorem 2.2. Given initial data {Yq^Yi) satisfying the assumptions listed in Theo- 
rem 2.2, we deduce by a standard argument that (2.20)-(2.21) has a unique solution (y, q) 
on [0, T], which satisfies (2.25) on [0, T]. Let T* be the largest possible time so that (2.25) 
holds. Then to completes the proof of Theorem 2.2, we only need to show that T* = oo and 
there holds (2.26) provided that (2.23) and (2.24) hold. Toward this, we denote 

(5.32) T'i^maxl r<r* : S'^'''\Y,q) < r]l }, 

for 770 so small that C\{r}Q + 277q) < ^, and 



<C24^'^^(y,g)2 <C2?7o<i, 



(5.33) 

< C20J, 

for the same C\ as that in (5.28). 

We shall prove that T = 00 provided that £0 is sufficiently small in (2.24). Otherwise, by 

(5.33) , we can apply Proposition 5.3 to conclude that 

(5.34) 4i'^^(y,g) <4Clfo^l'^^ 

In particular, if we take £q so small that ^CiEq < ^tjq, (5.34) contradicts with (5.32) if 
T < oo. This in turn shows that T = T* = oo, and (2.26) is valid. This completes the proof 
of Theorem 2.2. □ 



6. The proof of Theorem 2.1 and Theorem 1.1 

With Theorem 2.2 and Lemma A.l in the Appendix A in hand, we can now present the 
proof of Theorem 2.1. 

Proof of Theorem 2.1. Given VoiV'o satisfying the assumptions of Theorem 2.1, we get by 
using Lemma 2.1 that there exists a vector- valued function lo(2/) = (Xo [u) {y)) so that 

ll^0|li/si+2nij^2 + 2 + l|f^i^o|lii-s2 

< CdlVV'ollijsi+in^aai l|VV'o|li^n+lni^''2+l)(l|VV'o|li^n+lni^''2 + l|VV'o|lijn+inij''2+i)' 
and Xq (y) =^ / + Yq iv) satisfies 

Let Yi{y) =^ Mo(-^o(y))- Applying Lemma A.l (vi) and (ii) with $ = Xq^{x) gives 

imil^si+i < C(||V,;1'o||l»)(1 + \\Ax'^o\\Hsi-i)\\VccUo\\Hn , 
\\Yi\\hs2 < C(||Va:^'o||L-)(||wo|lij.2 + l|Vx*0|lij»2+i||W0||L2), 

where ^'o =^ ("^Oi V'o)'^. Therefore, thanks to (2.5), we conclude that 

, , ll^0|lii-si+2n^S2+2 + ||5llo|lii-02 + ||il||ji-si + l(-,^<,2 

(6.1) 

llVV'oll 

from which, (2.5) and Theorem 2.2, we deduce that the system (2.19) has a unique global 
solution (y, q) which satisfies (2.25) and (2.26) provided that cq in (2.5) is sufficiently small. 
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def 

Let X{t,y) = y + Y{t,y), it follows from (2.26) that X{t,y) is invertible with respect to 
y variable and we denote its inverse mapping by X~^{t,x). Let 

iaij{t,y))i,j=i,2 I + VyY{t,y) and ?/))ij=i,2 ^= {aij{t,y))7j=i,2- 

Then as det (/ + VyY) = 1, (6ij)ij=i,2 equals to the adjoint matrix of {aij)ij=i^2 and 
dibij = 0. With the notations above, we can write 

da^, {~d,Y\t, X-\t, x))) - d^, {diY\t, X-\t, x))) 
= -5x2 {a2i{t, X-\t, x))) - d^, {an{t, X-\t, x))) 

2 2 

= -IZ[^^(^^-2«2i + bjiauKt,X-\t,x))] = J2[djSji]{t,X-\t,x)) = 0. 

j=l 3=1 

By a similar argument, we have 

d,,{-d2Y''it,X-\t,x))) -d^,{d2Y\t,X-\t,x))) =0, 
so that we can define {tp{t,x),ilj{t,x)) through 

Vxilj{t,x) = {-diY'^{t,X-^{t,x)),diY'^{t,X-'^{t,x)))^, il){t,x) ^0 as |x| ^ oo, 

Vx'tpit.x) = {-d2Y^{t,X-'^{t,x)),d2Y^{t,X-'^{t,x)))^, 'ip{t,x) ^ as |x| oo, 

and we define {u{t,x),p{t,x)) via 

(6.3) u{t,x) ^^^Yt{t,X-\t,x)), p{t,x) ^^^q{t,X-\t,x)) - \V ,{x2 + ^ x))? ■ 

Then according to Section 2, (cp, cp, u,p) = {x2 + ip, —xi + V', u,p) thus defined satisfies (2.4) 
and globally solves the coupled system between (1.1) and (2.1). Then to complete the proof 
of Theorem 2.1, it suffices to prove (2.6). 
For this, we first notice from (6.3) that 

(Vw) o X{t, y) = VyYtit, y){l + V^y(i, y)) -\ 

which leads to 

(6.4) l|Vw||ii(K+;L->) ^ (1 + \\^y^\\L°°(w+-,L°°))\\^y^t\\L^{w+-,L'^y 

Again thanks to (6.3) and (6.2), we get by applying Lemma A.l (ii) with $ = X{t,y) that 

+ I|V^II 

(6.5) < C{\\VY\\ 

L"" (M+ ; L°° ) ) { 1 1 ^ 1 1 L°° (]R+ ;ij''2 ) + ll^l^ll 
+ l|V^llLo°(M+;i/''2+l)(ll^t|lLo°(]R+;L2) + || ^1^ 1 1 (]R+;L2) ) } • 

Whereas applying Lemma A.l (iii) yields 

(6 6) "'""^^(1'^^'-'^''^+^) ~^ ll^^llL'^(K+;ij'>2+l) + l|VV'llL2(R+;if''2+l) 

L°° (]R+ ; L°° ) ) ( 1 1 1 1 L2 (]R+ ;ij''2+ 1 ) L°°(M+;i?''2+i) + l|5l^llL2(M+;ij'>2+i))- 
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In the same manner, we get by applying Lemma A.l (vi) to (6.3) and (6.2) that 

+ IIVVII + ||V^|| 

+ ll'"llL2(]R+;ifn+2) + ||VV'||i2(K+.jjsi+l) 
< C'(||Vy||^cx.(]R+.icx,))(l + ||A^||L°°(]R+;if''l))(l|Vlt||^tx.(K+./^oi) 
+ ll^^llL°°(]R+;ifn) + l|Vlt||£2(]R+.^si+l) + ||5lVy||^2(K+.^fsi)). 

Consequently, we deduce from (2.26), (3.5), (6.1), and (6.4) to (6.7) that 

(6-8) + ll'"llL2(]R+.^si+2n^S2 + l) + l|VV'|lL2(R+;Hn+lnij''2 + l) + \\'^''J'\\l^{R+;L'>°) 

^ + II^V'o|lijsi+in_H'''2+i + ll'**o|lijsi+inii-s2) 

provided that (2.5) holds for cq sufficiently small. 
Next, it follows from (6.3) that 

= ((I + VY)-^Vq) o - 2VA2^ - Vx(|Va:VP)- 
Applying Lemma A.l (ii) and Lemma 3.4 gives rise to 

||v.p(t)||^., <c(||vy||^^(ij+.^oo)){||((/ + vy)-^V5))(t)||^., + ||vy(i)||^.,+i 

X ||((7 + Vy)-^Vg))(t)||^2 + WVmWn^.^^ + ll(V^)'(i)lli^^2+i} 

<c(l|vr||^oo(K+;L-)){(i + l|vy(i)||Bi_^)(||Vg(i)||^., 

+ ||Vy(t)||^.,+i||V9(t)||^2) + (1 + ||V^(t)||5i_^)||VV;(t)||^.,+i}, 
which along with (2.26), (3.5), (6.1) and (6.8) implies that 

||Va;J»||^2(K+.^s2) ^ l|VV'o|lijn+inii"^2 + l|VV'o|lijn+inii"''2+i + ll'"o|lii-n+ini?''2 > 

provided that (2.5) holds for cq sufficiently small. 

Finally, applying Lemma A.l (v) and (iv), along with (2.26), (3.5), (6.1), (6.8) and Lemma 
3.4 yields 

W^^PWi^iR+^H^i) ^ W^'^oWn^i+'^nH'^z + l|V^o|li/si+inii-''2+i + ll'"o|lijsi+inii"''2 • 
This completes the proof of (2.6) and thus Theorem 2.1. □ 

Before we present the proof of Theorem 1.1, we shall first prove the following blow-up 
criterion for smooth enough solutions of (1.6). 

Proposition 6.1. Given V'o ^ H''+'^{R^) and uq G i?*(]R^) for s > 1, (1.6) has a unique 
solution {ip, u) on [0, T] for some T > so that 

€C{[0,T];H'+\r'^)), u e C{[0,T]; H' (R'^)), Vu e L'^{iO,Ty, H' (m^)), 
^^■^^ VpeL^{{0,Ty,H'-\M.^)). 

Moreover, ifT* is the Ufespan to this solution and T* < oo, then 
(6.10) / (llVu(t)IUco + ||VV(t)||ioo)di = oo. 

JQ 
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Proof. Given initial data (iPqjUq), it is standard to prove that (1.6) has a unique solution 
{ip,u) on [0, r] for some T > 0, so that there holds the first line of (6.9). While we get by 
taking div to the momentum equation of (1.6) that 

Vp = -2Vd2tl^ + V(-A)~^ div{w • Vu + div(VV' ® Vip)}, 

which along with the first line of (6.9) implies that Vj9 € L^((0, T); if ~^(R^)). This proves 
(6.9). 

It remains to verify the blow-up criterion (6.10). Toward this, for any t < T*, we get by 
using a standard energy estimate for (1.6) that 

^'^i\\mfH^+numh)+2\\vumh 



2dt 



-{v? I V) - (AV' \u^)+ Vip^Vip : Vudx 

7m2 



< \{\m)\\H^ + \w\mh) + ^iiv^(t)iiiociiv^(i)iii. + \\vu{t)\\i,. 

Applying Gronwall's inequality, one has, for any t <T* 

(6.11) wmwm + n^mh + iiv«iii2(^2) < {m\m + nnowh) cxp{t + \\vi^\\i2^L^)}. 

While acting Aj to equation of (1.6) and then taking the inner product of the resulting 
equation with Aju^, it leads to 

(6.12) illl'^.«'(t)lli. + l|VA,»'l|i. 

= -{Ajdi{p + d2i}) I Aju^) - {Aj{u-Vu^) I Aju^) - (div Aj(ai'0VV') | ^jU^)- 

Similarly acting Aj to equation of (1.6) and then taking the inner product of the 
resulting equation with Aju'^ leads to 

(6.13) ^l"^^'"'^*^"'^ + llVA.n^lli. + (A,AV. | A,u') 

= -{Ajd2{p + d2^) I Aju^) - {Aj{u-Vu^) I Aju^) - (div Aj(a2^V^) | Aju^). 
However by the transport equation of (1.6) and using integration by parts, one has 
(AjAV' I Aju^) = - {AjAi/j I Ajidt^l^ + u ■ VV')) 

Hence by combining (6.12) with (6.13) and using divw = 0, we obtain 

(6.14) + |lVA,V^(t)||i.) + ||VA,^.||i. 

= -{Aj{u ■ Vu) I Aju) - {AjS/tp I VAj{u ■ Vtp)) - (div Aj(VV' (8) VV') | Aju). 
Next for s > 0, we claim that 

\{Aj{u-Vb) I Ajb)\ <cj{tf2-'^^{\\VumL-\\m\\% 

+ \mt)\MHt)\\HMmH^) or 

\{Aj{u.Vb) I Ajb)\ <c,{tf2-'^^{\\Vu{t)\M\bm%^ 

+ ||6(i)||Loc||Vw(i)||^.||6(i)||^.)- 
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Indeed applying Bony's decomposition (3.7) for u-Vb and then using a standard commutator's 

argument, we can write 

{Aj{u ■ V6) I Ajb) = {[Aj; Se-iu] ■ VA^6 + {Se-iu - Sj-iu) ■ VA^Ajh \ Ajb) 

\3-i\<5 

+ {Sj-iu ■ VAjb I Ajb) - {Aj{n{u,Vb)) I Ajb). 
It follows from the classical commutator's estimate (see [1] for instance) that 

\{[Af,Se_iu]-VAeb\Ajb)\< ^ ||VS,_iw||loo||A,6||^2||A,-6|U2 

\j-i\<5 \j-e\<5 

<c^{tf2-'^^VumL-\\m\\ls- 

The same estimate holds for ^^j_£^^^{{Si-iU — Sj-iu) ■ VA^Ajb \ Ajb) and (5j_itt • 

VAjb I Ajb) . 

Whereas applying Lemma 3.1 gives 

||A,■7^(w,V6)|U2 < Yl \\Aeu\\L2\\Se+2Vb\\L^, 

i>j-No 

which can be controlled by Cj{t)2-^'\\Vb{t)\\Loo\\u{t)\\fj, or Cj{t)2-^^\\b{t)\\Loo\\Vu{t)\\fj, as 
long as s > 0. This completes the proof of (6.15). 

Now we go back to (6.14). In fact, applying Lemma 3.4 (i) and (6.15) to (6.14) gives 

—iw^Mmh + iivA,-^(oiiio + iivA,«iii. 

< Cj{t)^2-^^'{\\Vu\\L<^{\\u\\%, + IIVVII^J + IIVVIIl-IIVwII^.IIWII^.} for s > 0. 
The above implies for any s > 

H«)ll^« + livv(t)ll^. + l|vi.||2,^^,^ 

< llwoll^. + llV^oll^. +C [\\\Vu{t')U^ + \\Vm\\l-){\\n{t')\\l. + \\vm\\ls)dt'. 

Jo 

Applying Gronwall's inequality yields 

\\umis + \\^m\\%s + \\^n\\i,^Hs^ 

< (ll^oll^. + \\VM%s)ew{c j\\\Vu{t')\\L^ + \\V^it')\\U)dt'] for t < T\ 
which together with (6.11) implies (6.10). This completes the proof of Proposition 6.1. □ 



To apply Theorem 2.2 to prove Theorem 1.1, we also need the following lemma concerning 
the existence of '00 for given ipQ G ^fe+i,s(M^) : 

Lemma 6.1. Let k > 2 be an integer and s > |. Let ij^o G ^fc+i,s(I^^) with H^'olU^s — 1 
and IIV'olUs,^ < £ for some e sufEciently small. Then there exists a unique ipo G iJ'^(M^) so 
that there holds (2.2) and 'tpo{0,X2) = 0. Furthermore, one has 

(6-16) \\MU<Ck,s\\M\A,+,^.. 

The proof of Lemma 6.1 will be presented in the Appendix C. We now turn to the proof 
of Theorem 1.1. 
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Proof of Theorem 1.1. Thanks to Proposition 6.1, given initial data (^Oii*o) satisfying the 
assumptions of Theorem 1.1, (1.6) has a unique solution (■)/;, u^p) on [0, T] so that there holds 
(1.9). To prove that the lifespan to this solution equals cxd, we only need to show that 

rT 

(6.17) / {\\Vu{t)\\Loo + \\Vi){t)\\\^)dt <oo for any T < oo. 

For this purpose, we observe that for given ■00 € Ak+i,s{^)-, k >2 and s > |, we deduce 
from Lemma 6.1 that there exists a unique tpo G i?'^(M^) so that there hold (2.2) and (6.16). 
This together with (1.10) implies that 

||V'(/'o|li/fc-in//»2 + l|V^o|lii-fe-inii-'i2+i + ll'"o|lii-fc-inii-«2 ^ C'^o 

for the same cq as that in (1.10). Then as long as cq is sufficiently small in (1.10), we 
deduce from Theorem 2.1 that the coupled system between (1.1) and (2.1) has a unique 
solution (0, ^, tt, p) = (x2 + ^,-Xi + *,M,p) with (*,^',M,p) satisfying (2.4) and (2.6) for 
si = k — 2, k > 3. In particular, ((/>, w,p) = (x2 + ^',w,p) thus obtained solves (1.1) and 
(^,11, p) satisfies (1.11). Then (^,u,p) solves (1.6), due to the uniqueness of solutions to 
(1.6), we have {"i/,u,p) = {'4),u,p) obtained above (6.17). Hence it follows from (1.11) that 
(6.17) holds for any fixed T < oo. This completes the proof of Theorem 1.1. □ 



Appendix A. The Sobolev estimates to a function composed with a measure 

PRESERVATION MAPPING 

Lemma A.l. Let ^{y) = y + ^{y) be a diffeomorphism from to with det (Vy^) = 
det (/ + Vy^) = 1, and ^^^{x) be its inverse mapping. Then for any smooth function u, v, 
there hold 

(i) ifs = 0, 

\\u o ^\\ ^0 = \\u\\ a,nd \\v o = \\v\\j:jo', 

(ii) if-l<s<0, 

W^o'^Whs < (1 + l|Vj/^'||Loc)*+3||n||^, + (1 + l|V.y^'||Loc)||Vj/^'|j^,+i||n||i2 and 

lb ° ^'^Whs ^ (1 + l|Vy*||L-)'+^||t^||^. + (1 + \\Vy^\\L^)\\Vy^\\fjs+l\\v\\L2- 

(Hi) ifO<s<l, 

h°HHs < (1 + ||Vj/^'|jL=°)''+^||ti||^. and 

h o ^~^\\hs < (1 + \\^ynL'^y^^\\v\\H^; 

(iv) ifs = I, 

ll^'O^II^?! ^ (1 + l|Vj/^'||L->)|hiI|^i and 
^(l + l|Vj/^'||L-)||i'||^i; 

(v) if 1 < s < 2, 

WuoHh- ^ (1 + l|Vy^'||L-)''+^||u||^, + \\Vy^\\^,\\Vxu\\L2 and 
\\vo^~^\\hs < i^ + W^y^h^y^^MH^ + ||V2^^'||^.||Vj,i;||i,2; 

(vi) ifs > 2, 

\\u°Hh- ^ (1 + I|Vj,^'||l-)'+Hi + ||Aj^^'||^.-2)||V,;n||jy.-i and 
\\v o ^-'Whs ^ (1 + I|V2,^'||l-)^+1(1 + ||Aj,^'||^.-2)||Vj,i;||^.-i, 



GLOBAL SMALL SOLUTIONS TO 2-D MHD SYSTEM 33 

Proof. We denote 

A = (a,,)i,,=i,2 =' I + V,*, B = {bij)i,j=i,2 =^ {I + V,*)-^ 
Due to det,4 = 1, the matrix B equals to the adjoint matrix of A. This leads to 

2 2 

(A.l) {d^,u)o^ = Y,bjidy.{uo^) and {dy,v) o = ^^aji o ^-'d^.{v o ^-'). 

In what follows, we shall only present the proof of the related estimates involving u o $, 
and the ones involving v o is identical. Firstly it follows from det (Vy^) = 1 that 

||uo$||^o = ||u||^o- 

When s G (0, 1), we obtain from 



2 _ / 



dx dy, 



Jm^xR^ |a;-y|2+2s 
that 

(A.2) \\u o $11^. < (1 + ||V,*||L-r+i«||^.. 

For the case s G (—1,0), we get, by using (A.l), that 

uo^ = -(V^ ■ V^(-A^)-i«) o $ = -B^Vy ■ ((Va.(-A^)-in) o $), 
which combining with (iii) of Lemma 3.4 leads to 
h o < \\Vy ■ ((V,(-A,)-in) o $)||^. + \\{B^ - I)Vy ■ ((V,(-A,)-in) o $)||^, 
< (1 + ||V,*||loo)||(V,(-A,)-M o 

+ \\Vy%\jj,+,\\Vy{V:c{-^xT^u)o^)\\L2. 

Applying (A.l) and (A.2), one thus obtains for s G (—1,0) that 

(A.3) \\uo^\jj, < (1 + ||Vj,*||Lco)^+3||n||^, + (1 + ||Vj,*||loo)||Vj,*|| 

Whereas we deduce from (A.l) that 

(A.4) \\uo^\^, < \\{V.u)o^{I + Vy^)\y<{l + \\VynL^)\\u\\H^. 

To handle the case that 1 < s < 2, we first use (A.l) and then Lemma 3.4 (iii) to deduce 

h°nHs < ||(v,u)o$(j + Vj,*)|i^._i 

^ < (1 + ||V^*||l^)||(V,^x)o$||^,_, + ||V^M/||^.||(V,^/)o$||^., 

which along with (A.2) and (A.4) ensures 

(A.6) < {l + \\Vy^\\L^y+^\\u\\^, + |lVj,^||^,||V^n||i2. 

For k<s — l<k + l (fcG N), applying (A. 5) repeatedly, wc obtain 
\\u o $||^._, < (1 + ||V,^||L-)'=||(V^n) o $11 
(A 7) ^"""^ 

On the other hand, thanks to (A.l) and (i) of Lemma 3.4, one has 

||no$||^, < (1 + ||Vj,*||L-)||(Va:'u)o$||^,_i + ||Vj;*|| 
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this combining with (A. 7) yields for k + 1 < s < k + 2 {k E N) that 

h o <(i + l|v,*|Uoo)'=+i||(v^iu) o $||^._(.+,) 
fc+i 

(A.8) +^(l + ||V,vI/||^^)^-i||V,^||^.+i_,||V>||i2 + ||V,^||^._i||V,u||L» 

<(1 + ||Vj,*||l^)'=+1(||(V^+M o nns-ik+i) + ||A^*||^.-2||V,n||^,.-i), 
where we used the embedding inequahty 

||Va;W||Loo < \\\'xU\\h'>-i for s > 2. 
By (A. 2) and (A.8), we finally obtain 
(A.9) ||n o ^.||^, < (1 + WVy^L^y^'i^ + ||A^^||^.-2)||V,^/||h.-i. 

This completes the proof of Lemma A.l. □ 

Appendix B. The Proof of Lemmas 4.1 and 4.2 
Proof of Lemma 4-1- We first get by applying Bony's decomposition (3.7) and (3.8) that 
(B.l) d2Y^diYt =[TT^ + TU^ + TT^ + ff^ + TB!' + RT^ + RR'^) {d2Y^,diYt). 
Since 

||A,v4^20iyt(t)|U2 < d,v,,,(t)2-^2^||Ft(i)||^3,i and since 

\\S,,.,\l,d2Y\t)\\Li^L^^ < 4'(t)2-^||52F\t)||gi,i , 
by applying Lemma 3.2 and Lemma 3.1, we have 
\\AjA'',{Tn''id2Y\diYtm\\L2 

<2-2 J2 l|5/-iA^,a2yH0llL^(Lso)l|A,.4+25iyt(i)IU2 

|j'-j|<4 
j' + iY()>fc'>/c-JVo 

<2i ^ d,-,,Ki)2-^'2-^||92y^(0lleiiirt(i)llgi4 

\j'-j\<4, 
k'>k-NQ 

<d,-,(t)2-^||^yi(i)||^ij|y*(t)||^3,i, 

The same estimate holds for \\AjA'^{TT''{d2Y^,diYt)){t)\\L2. 
Following the same line of the arguments, one has 

\\AjA'^iRn\d2Y\d,Ytm\\L^ 

< 2i2i J2 \\^fAt,d2Y\t)U4^j,S',,^2diYtmL^ 

j'>j-No 
j'+JV()>fc'>fc-JVo 

<2i2t Yl ^i,',/c'(*)2-'^2-^||52y^(i)||^iJ|i^t(«)llg3,i 

j'>3-No 

fc'>fc-JVQ 

<d,-,(i)2-^||52ri(i)|l4ij|i^t(0llei.^ 
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Similar estimate holds for \\AjA'^ifT''{d2Y\diYt)){t)\\L2, \\AjA';^{fR''{d2Y\diYt))it)\\L2, 
and \\AjA^^{RT\d2Y\d^Yt)){t)\\L2. 
Finally as 

\\Sj..iSj:,_,d,Yt{t)\\L^ < dk>{t)2'^'\\Yt{t)\\^^^^, 
we get by applying Lemma 3.1 that 

\\A^A'j^{ff\d2Y\diYt)){t)h. < \\^fA^k'd2Y\t)h4Sj,_,S^,_,diYtmL- 

\j'-j\<i 

\k'-k\<4 

< J2 rf,',fe'(i)2-^'||5iFi(t)||^.J|F,(t)||^i,i 

\j'-j\<i 

\k'-k\<4 

<dJ,k{t)2-^\^^YHt)UlJ\Ytm^l^■ 

Substituting the above estimates into (B.l) and integrating the resulting inequality over 
(0, T), we complete the proof of Lemma 4.1. □ 

Proof of Lemma 4-2- Similar to (B.l), we get by applying Bony's decomposition (3.7) and 
(3.8) that 

(B.2) d2Y^d2Yt = (TT^ + TZT^ + TT^ + ff^ + RT^ + TR^ + TZR^) {d2Y^,d2Yt). 
Thanks to Definition 3.2, we have 

^^^^ ||A,.5,Via2y^(t)|U^(i.) <d,.(t)2-T 1152^1(011^1,1 and 

\\Sy^2^l,d2Y,{t)\\L^ < 4'(t)2-'='||yt(t)||Bi.i < 4'(i)2-'='rt(t)||g3,i . 

By applying Lemma 3.2 and Lemma 3.1, one has 

\\AjAUnT\d2Y\d2Yt))mv^ 

<2'2 \\A,,S'i,,_,d2Y\t)\\L^^L.JS,,+2^l,d2Ym\L- 

j'>j-No 
|fc'-fc|<4 

<2i '^/,fe'W2-^2-'='||52yi(t)||^i,i||F,(i)||^3.i 

j'>j-NQ 
\k'-k\<4 



< 



dj,k{t)2-'\\d2Y\t)\\^,jYtm^s,.. 



The same estimate holds for \\AjA';^{TT''{d2Y\d2Yt)){t)\\L2. 
While as 



||A,■,S,^_l92l^(^)llL^(L?) < 2-T||y,(i)||^3,i, 
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and the indices j > k — Nq in the operator AjA^, we get by applying Lemma 3.2 and Lemma 
3.1 once again that 

\\AjA'iiRT\d2Y\d2Yt)){t)h2 

<2i l|A,vA^,92yHi)llLH|A,'5fe'-i52l^tWllL^(L?) 



j'>J-iVo 
\k'-k\<4 



<2i J2 d,v,,,(t)2-^'2-^||52y^(t)||^i,i||y,(t)||^3,i 

j'>j-No 
\k'-k\<i 

<d,-fe(i)2-'=||a2yi(i)||^,j|y,(i)||^3,i. 

Similar arguments lead to the estimates for || AjA^(Tf^(52y\ 92Ft))(t)||L2 and || AjA^(f r^(a2y\ 
d2Yt)){t)\\i2 in the same fashion. 

Finally it follows from (B.3), Lemma 3.2 and Lemma 3.1 that 

\\AjA'iinR\d2Y\d2Yt)m\\v^ 

<2i2-^ ^ \\Aj,A'^,,d2Y\t)h4Sf+2A';^>d2Ytit)h2 

j'>j-No 
k'>k-NQ 

<2i2t d,>,k'{t)2-'h-'4\\d2Y\t)\\^^^.jYtmB^^ 

j'>3-No 
k'>k-NQ 

<d,,fe(t)2-^'lia2yHt)bij|y*(t)ll^3,i. 

The same estimate again holds for \\AjA'^{TR''{d2Y^,d2Yt)){t)\\i^2. 

Substituting the above estimates into (B.2) and integrating the resulting inequality over 
(0, r) finishes the proof of Lemma 4.2. □ 



Appendix C. The Proof of Lemma 6.1 



Proof of Lemma 6.1. We first deduce from (2.2) that -00 satisfies 



(C.l) 



Vio(0,X2) = 0. 



dxii'odx2i'o = 9x2^^0, on 



For simplicity, we shall solve (C.l) on ]R+ x R . Moreover, it is easy to observe by characteristic 
method and by mollifying ipQ appropriately that we can construct smooth enough approximate 
solutions to (C.l). Then the lemma follows from the uniform estimate to this approximate 
solutions and a standard compactness argument. For simplicity, we shall present the a priori 
estimate (6.16) to smooth enough solutions of (C.l). Indeed, we first get by using standard 
energy estimate that 



\\M^i,-)\\h=- 



(C.2) 



a 



X2 



11 + dx2ipo 



IV'ol dx2dzi 



+ 2 



Jo Jr 1 



+ 9x2ipo 



■00 dx2 dzi 



Note from Definition 1.1 that 



||VVo(xi,-)I|l- < \\VMxi,-)\\hi < CUo\\a2^s < Cs, 
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SO that for s > 1 and e small enough 



Xl 



\d. 



X2 



and 



(C.3) 



XI 



JR 



dxiij^o 



d. 



X2 



Jo 

dxilJjQ 



1 + dx2^o 



IV'ol dX2 



X2 



Li + a^jV'o 

<C||V'0|U3,3l|V'0|lic. (^2) 
(0,a:;i)^ 



TOO dZlWlpoWi^oo (1^2) 



By a similar argument, we have 



(C.4) 



Xl 



Y-^^^4>odx2dzi < C||V'o|U2,.(a;i)^"'||^o||L-^^^(L2) 



Then we infer from (C.2)-(C.4) that 



(2-C||V'olU3.JIIV'oL^_^^^(L2) 



Taking s so small that e < one thus obtains 

(C.5) llVio|lic.^^^^(i.)<C||V'o||^,„(a:i)2M. 

Inductively we assume that for 1 < j < A; — 1, there holds 

(C.6) max sup {{xiy-^ld'^M^i, -n^} < C,\\4>o\\a,+i 

H<j xie{o,oo) 

We shall prove that (C.6) holds for \a\ = j + 1. Toward this, we get first by taking d" with 
la] = j + 1 to (C.l) and then taking the inner product of the resulting equation with d'^tpo 
that 



dxii^o 



1 + 9^:2^0 



(^"■i^o) ^ dx2 dzi 



(C.7) 



where 



+ 2 r [ d"i^odx2dzi+2 V Cai,a2Aaua2, 

Jo Jr ^ + <Jx2Wo rr_^ 



|ai|>l 



A. 



def 



ai ,a2 



10 JR' ^ + 9x2^^0 

As for (C.3), it leads to 



1 + dx^i^o 



) V'o] 5"?^o dx2 dzi . 



Xl 



d. 



X2 



dxii'o 



1 + 9x2^^0 



{d^i,ofdX2dzi < C||Vo|U3,J|a>o|li^^^(L2), 



(o,xi)y 



and 



J2 I^«i,a2l <C^(||V'o|U3,, max ||5"^o|lL ,^2) 

ai+a2=a 
\ai\=l 
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Whereas for ai satisfying 2 < |ai| < j, we deduce from (C.6) that 



< 



|2 \2(1-«)||;5", 



a;iG(0,oo) 

Along the same hne, we have 



Jo Jr ^l + d^^ipo' 

JO ^~rUx2Y0 " a;ie(0,oo) ^ ' ^' 



■X2'V0 " a;ie(0,oo) 
2 /™ \2(l-s)|ma. 



Combining the above two estimates, we arrive at 

|a|-l>|ai|>2 



Similar argument gives rise to that 



And it is easy to check that 



1 + 9x2^^0 

As a consequence, we obtain from (C.7) that 

max {(i-C||Vo|U3.JI|S"^o||L JL^)}<Cj+i\\M%+2Mf^'"^ for |a|=j + l- 

This in turn proves that (C.6) holds for \a\ < j + 1 as long as H^olUa ^ < Therefore, we 
obtain for s > 1 that 



(C.8) 



max sup {(xi)" ^||9"Vio(a;i,-)||L2} < <^fe||V'o|Ufc+M- 

l«l<« 116(0,00) 



The proof to the same estimate for x < is identical. 
Finally thanks to (C.8), we obtain 



(C.9) 



/ {9"''4>o)'^ dx2dxi 



< 



provided that s > |. This completes the proof of Lemma 6.1. 



□ 
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